Absorption and dispersion of probe photons in the field of a high-intensity circularly polarized laser wave are investigated. The optical theorem is applied for determining the absorption coefficients in terms of the imaginary part of the vacuum polarization tensor. Compact expressions for the vacuum refraction indices and the photon absorption coefficients are obtained in various asymptotic regimes of interest. The outcomes of this analysis reveal that, far from the region relatively close to the threshold of the two-photon reaction, the birefringence and dichroism of the vacuum are small and, in some cases, strongly suppressed. On the contrary, in a vicinity of the region in which the photo-production of a pair occurs, these optical properties are manifest with lasers of moderate intensities. We take advantage of such a property in the search of minicharged particles by considering high-precision polarimetric experiments. In addition, Raman-like electromagnetic waves resulting from the inelastic part of the vacuum polarization tensor are suggested as an alternative form for finding exclusion limits on these hypothetical charge carriers. The envisaged parameters of upcoming high-intensity laser facilities are used for establishing upper bounds on the minicharged particles.
Introduction
Investigating the frontiers of the Standard Model (SM) is a fundamental issue in elementary particle physics. Despite the successes of the minimal S U(3) × S U(2) × U(1) gauge group as unified description of the strong and electro-weak interaction, there still remain a variety of nontrivial issues whose solutions often demand physics beyond the SM. The absence of a satisfactory explanation for the large number of free parameters as well as the hierarchy and naturalness problems to which they are subject constitute clear examples of unresolved questions. These seem to be direct consequences of dealing with an effective formulation rather than a fundamental theory where, among other issues, gravity is conceptually reconciliated with the remaining interactions. In connection, several SM extensions have been put forward. At energies much above the typical SM scale-specified by the mass of the W ± −bosonssupersymmetric versions and string theory are likely to occur [1, 2] . In contrast, below the scale given by the electron mass m, the promising candidates introduce weakly interacting sectors [3, 4, 5, 6] , sometimes, with additional U(1) invariance often resulting from string compactifications [7, 8] . As a consequence, hypothetical paraphotons [9, 10, 11, 12, 13] -kinematically mixed with the visible U(1) sector-are promoted and light particles with tiny fractions of the electron charge are suspected to occur in nature [14, 15, 16, 17, 18] . Models which rely on these kind of minicharged particles (MCPs) are of paramount importance in contemporary physics since they constitute by themself ideal frameworks for probing the validity of the SM, the theoretical conception of magnetic monopoles and, therefore, the highly nontrivial principle of charge quantization.
Over the last decade there have been considerable experimental efforts toward the exploration of the low energy frontiers of particle physics, mainly through the unconventional properties of the unstable and nonlinear vacuum of Quantum Electrodynamics (QED). Indeed, polarimetric experiments with unprecedented levels of sensitivity represent a powerful tool for finding out stringent constraints on the parameters associated with weakly interacting particles [19, 20, 21, 22] . The reasons for using these optical setups follows from a hypothetical coupling between the MCPs and a constant magnetic field. In such a context, the interaction would induce modifications on the dichroic and birefringent properties of the vacuum [23, 24, 25, 26, 27, 28] , a fact which constitutes a potential signal of their existences. Also high-precision photon regenerative experiments have been carried out in several collaborations [29, 30, 31, 32, 33, 34, 35, 36] . Most of them relied on a "Light Shining Through a Wall" setup [37, 38, 39, 40, 41] , where the photon oscillation into a weakly interacting particle allows for traversing a photon blocker barrier and, eventually, its regeneration behind the wall. In both types of experiments a tiny effect due to the MCPs is expected, but they might be more manifest by increasing the magnetic field strength and its spatial extension. Nowadays, it is not a big issue to extend the effective interaction region up to a few kilometers by using mirrors of extremely high reflectivity. In contrast, the attainable magnetic field strengths still remain nine orders of magnitude smaller than the critical one of QED [B c = 4.42 × 10
13 G], near of which, the upper bounds on MCPs are expected to be quite stringent. With the progressive increasing of the available intensity, laser technology is becoming a competitive source of strong fields, valuable for the search of MCPs. Projects such as the Extreme Light Infrastructure (ELI) [42] and the Exawatt Center for Extreme Light Studies (XCELS) [43] are being designed to reach fields of about two orders of magnitude below the critical one in ultra-short pulses of temporal lengths of the order of τ ≈ 10 fs. Hence, the prospect of finding stringent limits on the MCPs by using high-intensity lasers is certainly enticing. Obviously, an essential step in this direction is achieved by knowing the expressions of the vacuum polarization tensor in the field of a plane-wave. Although these were derived a long time ago [44, 45] , up to now their main essential consequence considered in a realistic context remains the production of electron-positron pairs by a photon-also known as the BreitWheeler reaction- [46, 47, 48, 49, 50, 51] , and in the Coulomb field of a nucleus, i.e., the Bethe-Heitler phenomenon [52, 53] . So far, the production rates of the latter processes have not found a direct application in the search of MCPs. In contrast, the optical properties of a polarized QED vacuum are those which might provide sensitive insights on the parameters associated with these hypothetical charge carriers. Previous considerations on the optical nature of the vacuum, polarized by a circularly polarized laser, were partially developed in Ref. [45] , where a numerical assessment of the photon absorption coefficients and the vacuum refraction indices was undertaken in regions different from the strong field regime.
In contrast to this numerical study, we determine in the present work analytical expressions for the vacuum refraction indices and the photon absorption coefficients in various asymptotic domains, including the one related to the strong field domain. Besides, the study of these optical quantities is extended to the framework of scalar QED since the spinless realization of MCPs is not discarded [54, 55] . We show that, far from the threshold of two-photon reaction-and independently of the nature of the charge carriers-the birefringence and dichroism properties of the vacuum are small, and in some regions, strongly suppressed. On the contrary, in a vicinity of the first photo-production threshold, the birefringence and dichroism of the vacuum are considerably more pronounced. Both phenomena are closely connected with the chiral activity of the "medium" and-according to our results-could be observed even at intensities available today. We take advantage of such a property in the search of MCPs by considering high-precision polarimetric techniques. Because of the relative weakness of the aforementioned phenomenon in the strong field regime, we look for an observable different from the ellipticity and the rotation of the polarization plane, both frequently considered in the case where a dipole magnet drives the polarization of the vacuum. In fact, we take into account Raman-like electromagnetic waves arising from the inelastic interaction in the photon-photon scattering. The associated spectroscopy techniques are then suggested for probing the quantum vacuum but also for determining upper bounds on the parameters intrinsically associated with the MCPs.
Photon scattering in a circularly polarized wave

The polarization tensor, its tensorial structure and form factors
We are motivated to investigate the effects induced by hypothetical particles characterized by a mass m ǫ and a tiny fraction of the electron charge q ǫ ≡ ǫ|e|. As long as the energy scale remains within the phenomenological limits of QED and its fundamental principles are preserved, the consequences associated with the existence of this sort of MCPs would not differ from those emerging in a pure QED context. Conceptually, one can then investigate the related phenomenology from the already known expressions, with the electron parameters (e, m) substituted by the respective quantities associated with an MCP (q ǫ , m ǫ ). Besides, by probing the nonlinear and unstable properties of the q
vacuum in an external background field, stringent limits on the presumable smallness of the unknown parameters ǫ and m ǫ can be obtained. This constitutes a motivation for studying the dispersive and absorptive processes intrinsically connected to the vacuum polarization effects. The latter become primarily manifest in the generating functional of one-particle irreducible diagrams
where the metric tensor reads g µν = diag(+1, −1, −1, −1), ≡ ∂ µ ∂ µ = ∂ 2 /∂t 2 − ∇ 2 and the abbreviation + . . . stands for higher order terms in the small-amplitude electromagnetic wave a µ (x). The respective Dyson-Schwinger equation [56, 57, 58, 59, 60] , written up to linear order in a µ (x), has the form
provided that a µ (x) is chosen in the Lorenz gauge ∂a = 0. While the first term in Eq. (2) is the classical Maxwell contribution, the second one is responsible for the interaction of photons with the external background field. Such an interaction is mediated by the virtual minicharged carriers and encompassed in the vacuum polarization tensor Π µν (x, x ′ ). It is through this object that the gauge sector of QED acquires a dependence on the strong field of the wave. The latter is taken hereafter as a circularly polarized monochromatic plane-wave
and specialized in the Lorenz gauge ∂A = 0 as well. This condition implies that the wave four-vector κ µ = (κ 0 , κ κ κ) and the constant polarization vectors a µ i (with i = 1, 2) satisfy the constraints κa i = 0. With these details in mind, we Fourier transform Eq. (2)
and consider the one-loop approximation in Π µν (k 1 , k 2 ), in which case the polarization tensor acquires the following structure (for details we refer the reader to Ref. [44] )
The tensorial objects involved in this expression can be expanded in terms of the following Lorentz covariant vectors
where
denotes the field strengths tensor associated with each external field mode (i = 1, 2). We emphasize that Eq. (6) does not depend on which choice of k is taken since the difference between k 1 and k 2 is proportional to κ. Note that Λ ± are eigenstates of the helicity operator subject to the normalization conditions Λ + Λ − = −2 with Λ ± Λ ± = 0. Besides, we also find that Λ 3 Λ 3 = −1 with Λ ± Λ 3 = 0. With Eq. (6) in mind, the part in Eq. (5) responsible for the elastic scattering can be written as
1 From now on "natural" and Gaussian units c = = 4πǫ 0 = 1 are used.
3 whereas the tensors associated with inelastic scattering turn out to be Π µν
These inelastic scattered waves emerge as a consequence of the simultaneous emission or absorption of photons of the high-intensity laser wave upon the scattering event. As a matter of fact, they turn out to be shifted to lower or higher values in comparison with the original monochromatic frequency. The scattering of light in these latter two cases is analogous to Raman dispersion in molecular physics with κ imitating the vibrational frequency of the molecules. Its relevance will be analyzed separately in Sec. 5.3.
It is worth emphasizing that, owing to Eq. (6), the polarization tensor satisfies not only the fundamental principles of charge conjugation, time reversal and parity symmetry but also the gauge invariance properties of the electromagnetic interaction. The form factors π i involved in Eq. (7) turn out to be twofold parametric integrals
with
While the upper index 0 denotes the quantities coming out from a loop of scalar particles, the upper index 
Because of the high-oscillatory behavior of the functions Ω i , an exact analytical evaluation of the form factors π i cannot be carried out. Instead, we shall focus ourselves on their asymptotic features in various limits of interest with respect to the parameters λ ǫ and ξ ǫ .
Dispersion and absorption of small-amplitude electromagnetic waves. General considerations.
The transversal small-amplitude electromagnetic wave, solution of Eq. (4), can be expressed as a superposition of two different helicity modes a
In order to find their propagation laws we substitute Eq. (11) into Eq. (4) by inserting, in addition, Eq. (5) and Eq. (7). The resulting equation is projected onto the Λ µ ± afterwards. The described procedure provides the following system of equations
Here the involved quantities are defined as follows:
Note that the form factors having an upper index ± must be evaluated at k → k ± 2κ. Because of this fact, both eigenproblems turn out to be correlated, i.e., G G G (2) 
. Of course, the dispersion relations emerge whenever the determinant of G G G (i) (k) vanishes identically. Its solutions can be determined by analytical procedures. However, we will consider the situation in which the polarization effects do not modify dramatically the usual photon dispersion law ω = |k k k|. Thereby only leading order corrections in α ǫ will be taken into account. Guided by this approximation the relevant dispersion equations for f ± (k) turn out to be
where the contribution resulting from the off-diagonal terms in Eq. (13) has been neglected since it provides a correction smaller by a factor α ǫ . The polarization tensor Π µν is, in general, a non-hermitian object. In correspondence, its form factors contain real and imaginary contributions π i = Re π i + i Im π i . The respective dispersion relations, solutions of Eq. (15), must be complex functions as well, i.e., ω ± = Re ω ± + iIm ω ± . While the real part describes the dispersive phenomenon, the imaginary contribution provides the absorption coefficient κ ± ≡ −Im ω ± of mode-± photon. This analysis, together with the definition of the vacuum refractive index n ± = |k k k|/Re ω ± , allows us to establish the relations
Observe that the vacuum occupied by the field of the wave [Eq. (3)] is birefringent whenever Im π 1 does not vanish identically. We should also mention at this point that the sum of the absorption coefficients coincides with the rate of the photo-production of a q + ǫ q − ǫ pair in a circularly polarized wave averaged over the photon polarization states [51] . The latter statement is expected since the imaginary part of the polarization tensor is associated with the probability of the pair creation through the optical theorem. Indeed, within the accuracy to the second order with respect to the radiative corrections, the total creation rate of a q + ǫ q − ǫ pair from a photon with polarization e ℓ (ℓ = 1, 2) turns out to be
Im Π 0µν (k 1 ).
As long as the photon polarizations are chosen as e µ ± = Λ µ ± /2 1 /2 , the expression above reduces to ℜ ± = 2κ ± . The corresponding average, on the other hand, turns out to be
3 Detailed calculations of Im π 3 may be found in separate papers (see Refs. [51] and [61] ) for the various limits to be considered in this work. Because of this fact, in the following we shall be concerned with the determination of the corresponding asymptotic expressions for the remaining quantities contained in Eq. (16).
Elastic absorptive properties of the quantum vacuum
The absorption coefficients κ ± in Eq. (16) determine the decrement of the probe wave-amplitude due to the production of a pair of MCPs. In order to find an observable effect, we take the incoming probe beam to be a linearly polarized plane wave. Upon entering the region occupied by the external field the probe beam is decomposed into its right and left circular-polarized waves [see Eq. (11)], which initially possess equal amplitudes. As a consequence of the vacuum dichroism, the outgoing probe beam is elliptically polarized [see Fig. (1) ] and the following relation for the ellipticity ψ is found
Here τ indicates the interacting time. Note that, contrary to the situation where a constant magnetic field drives the dichroism [10, 16, 54] , ψ(τ) is determined here by the damping factors e −κ ± τ associated with the two propagating modes. The effect is expected to be tiny ψ ≪ 1 and, consequently, the previous expression can be approached to
We remark that the last formula is a good approximation only when |κ − − κ + | τ ≪ 1. Incidentally, Eq. (19) also applies when an optically active crystal is studied [for details see [62] and references therein]. This fact allows then to establish an analogy between our problem and the optics associated with a chiral medium. In this context, a purely kinematical analysis proves to be very convenient for forthcoming considerations. To this end we inspect the energy-momentum conservation associated with an absorptive process where n photons of the strong wave are absorbed in addition to a probe photon. In the center-of-mass frame, this is given by k + nκ = q + + q − where the four-momentum
is the appropriate translation generator of the vacuum symmetry group in an external field [64] . Consequently, we find the relation nkκ = 2ε 2 with ε being the laserdressed energy. Here the relative speed between the final particle states turns out to be
Eq. (20) reveals that the photo-production of a q + ǫ q − ǫ pair may take place whenever the number of absorbed photons of the high-intensity laser wave exceeds the threshold value n * = 2m
1 /2 must be understood as the effective mass which the MCPs acquire due to the field of the wave.
Two-photon reaction and circular dichroism at ξ ǫ < 1
Let us start by determining κ ± [Eq. (16)] as the intense laser parameter ξ ǫ < 1 and n * 1. Combining the previous conditions we obtain that the results to be derived in this subsection do apply whenever the inequality λ ǫ > 2ξ 2 ǫ is fulfilled. In this case, the oscillatory term present in the exponent of Eq. (8) is smaller than the remaining contributions. Consequently, we can ignore it and deal with the following expression
where the symmetry of the integrand in the variable v was exploited. Note that for a photon fulfilling the light cone equation, i.e., k 2 = 0, the parameter λ ǫ in Eqs. (8) and (9) is always nonnegative, λ ǫ 0. Because of this fact, we have explicitly taken in Eq. (21) [and also in the following] both |λ ǫ | = λ ǫ and sign[λ ǫ ] = 1.
In order to derive an explicit expression of Re π 1 , we first integrate by parts the terms containing a factor proportional to 1/ρ 2 . The residue theorem is applied afterwards. The latter step requires an integration contour slightly below the real ρ axis (for details we refer the reader to chapter 3 in [61] ). As a consequence, we find Re π
where Θ[x] is the unit step function. The latter provides a cut-off from above in the integral contained in Eq. (22) . In correspondence, the divergence at v = 1 is removed and the variable v can be integrated out without any complications. With these details in mind, we end up with Re π
where v = (1 − n * ) 1 /2 refers to the relative speed where only one photon of the high-intensity laser wave has been absorbed. Accordingly, the photo-production of a pair of MCPs could take place through a two-photon reaction
We combine this result with the Im π 
Now, the procedure for determining Re π
1 shares certain similarities with the previous case. Indeed, it can be read off from Eq. (23) by multiplying the latter by −1/2, inserting the coefficient
2 ) in front of the logarithmic function and removing the factor 3 in its last term. On the other hand, the imaginary part of π (0) 3 has been recently computed in Ref. [51] . With these details in mind, the resulting absorption coefficients [Eq. (16)] associated with scalar QED turn out to be
Note that the difference between the absorption coefficients coincides with ∆κ ≡ κ + − κ − = Re π 1 /ω. This applies whatever be the nature of the virtual particles involved in the loop of the vacuum polarization tensor. The explicit expression for spin− 1 2 particles is easily read from Eq. (23). On the contrary, when scalar propagators determine the loop, the difference turns out to be
Let us consider the situation in which the created particles are ultrarelativistic [v ∼ 1]. In such a limit, the absorption coefficients above behave like
Likewise, the respective differences between the absorption coefficients are given by
Next, if the particles are created in the center-of-mass frame almost at rest [v ∼ 0] we find that
These results allow us to approach ∆κ ≈ κ + independently of the nature of the created particles. Note, in addition, that the limiting case where ξ ǫ ≪ 1 corresponds to the Born approximation. The respective expressions associated with this limit can be read off from Eqs. (23)- (31) by setting ξ ǫ = 0 in the effective mass m * . particles are represented by solid curves, those corresponding to the scalar situation are given by dashed lines. These results were obtained by considering the parameters given in the text: ξ = 7.5 × 10 −4 , τ ∼ 100 fs, κ 0 = 9 keV. The particle charge and mass equal e and m, respectively. Formula (19), with Eqs. (24)- (31) included, is also of relevance in a pure QED context. This is because it allows us to determine the ellipticity induced by the photo-production of an electron-positron pair. Further analysis in this framework requests to set ǫ = 1 and replace m ǫ by the electron mass m. It is convenient to clarify that the results obtained in this way are valid for ξ < 1 and λ > 1 + ξ 2 with λ = kκ/(2m 2 ) and ξ 2 = −e 2 a 2 /m 2 . Note besides that, for ξ ∼ 1 and small values of λ (i.e. λ ∼ 2), next-to-leading order terms with respect to ξ 2 /λ could become relevant. We assume a strong laser field with photon energy κ 0 = 9 keV, intensity parameter ξ = 7.5 × 10 −4 and temporal length τ ∼ 100 fs. For this choice, which is inspired by the x-ray free-electron laser facilities (XFEL) currently under construction at DESY (Hamburg, Germany) and SLAC (Standford, USA), the first Born approximation can be used. With this set of parameters in mind, the photo-production of an electron-positron pair takes place if the probe beam has a frequency ω 27.8 MeV, assuming a head-on collision geometry. When Dirac particles are created, the induced ellipticity is maximized at ω ≈ 35.3 MeV. For further information, we refer the reader to Fig. (2) , where the dependence of ψ with respect to ω is displayed.
Extinction of the vacuum dichroism in the limit
We wish to find out the leading order terms of the photon absorption coefficients κ ± [Eq. (16)] as ξ ǫ ≫ 1. In this case, the photo-production rate of a q + ǫ q − ǫ pair is independent of the frequency of the external laser beam κ 0 and coincides with the rate arising in the constant crossed field configuration [51] . To find the corresponding difference between the absorption coefficients it is convenient to carry out the change of variable u = (1 − v 2 ) −1 in Eq. (8) . This leads to express
where the abbreviation η = ρ λ ǫ 1 + 2ξ 2 ǫ A has been introduced. Note that, although the resulting integrand is a singular function at u = 1, the integral over this variable does not diverge around this value. Besides, since the integrand decreases as ∼ 1/u 2 at u → ∞ its main contribution to Eq. (32) comes from the region u ∼ 1. Regarding the integration over the remaining variable, here the integrand falls off as ρ → ±∞ and is, in addition, a regular function in ρ. The experience gained in the calculation of similar integrals (see, for instance, Refs. [51] and [52] ) indicates that the asymptotic behavior of Eq. (32) as ξ ǫ ≫ 1 can be determined by splitting the integration domain into three regions:
where ρ 0 denotes a positive dimensionless parameter which fulfills the conditions
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The second condition implies that the process under consideration requires a high number of photons which are absorbed from the strong field of the wave, i.e., n n * ≈ ξ 2 ǫ /λ ǫ ≫ 1 [multi-photon reaction]. For further convenience we denote the integration regions on the right-hand side of Eq. (33) from left to right as lower region, inner region and upper region, respectively. Observe that |ρ| ρ 0 ≪ 1 within the inner integration region. In correspondence, we Taylor expand η and, separately, the remaining part of the integrand. Next, the change of variable s = ρξ ǫ is performed in the resulting integral and also in those defined over the lower and upper regions. Afterwards, the integration limit ρ 0 ξ ǫ is extended to infinity. This last step provides no contribution from the integral associated with the lower and upper regions and yields to approach the total integral over ρ by
Some comments are in order. First of all, the last approximation turns out to be accurate up to terms that decrease exponentially, like ∼ (ρ 0 ξ ǫ ) −1 exp − 2u 3λ ǫ ξ ǫ (ρ 0 ξ ǫ ) 3 and faster. Moreover, once the following representation of the Macdonald function is considered:
dy y 2 cos(by + ay
Eq. (32) acquires the following structure:
The situation in which spin-0 particles are created does not differ too much from the previous case. Hence, the leading asymptotic behavior of ∆κ (0) as ξ ǫ ≫ 1 turns out to be
The set of Eqs. (37) and ( (1−n n n·κ κ κ) with E c = m 2 /e = 1.3×10 16 V/cm the critical electric field of QED. Heren n n = k k k/|k k k| andκ κ κ = κ κ κ/|κ κ κ| denote the propagation directions of the probe and the strong laser field, respectively. Note that Eqs. (37) and (38) are structurally similar to the respective expressions of the photo-production rates ℜ [61, 51] . It is noticeable, however, that in contrast to the latter, they are suppressed by a factor ∼ 1/ξ ǫ which, in addition, depends on the frequency of the high-intensity laser. Hence, ∆κ can be understood as a term which is sensitive to the properties of the strong wave. This kind of dependence also emerges in ℜ when corrections, next-to-leading order, are taken into account [61] . In order to evaluate the role of ∆κ within the absorption coefficients, it is convenient to express them as κ ± = (ℜ±∆κ)/2. This makes evident that ∆κ acts as a small correction, too. As a consequence, the production of pairs is equally plausible in either of the two propagating modes, leading to approach κ ± ≈ ℜ/2±o ξ −1
ǫ . Here we do not present any picture of the rates ℜ because a numerical assessment of this issue has been recently carried out in Ref. [63] . Instead, we just emphasize that, with the increasing of the intensity of the strong background laser, the vacuum becomes less and less dichroic to a linearly polarized probe beam, contrary to what occurs in a vacuum polarized by a constant crossed field.
This different behavior is closely connected to the invariance properties of each problem. In a constant crossed field configuration, the vacuum behaves like a biaxial medium and its symmetry is no longer described by Poincaré's group. Instead, a subgroup of it maps the actual invariance of the Minkowski space occupied by the external field. It is the vacuum polarization tensor Π µν which incorporates this anisotropy into the gauge sector of QED [Eq. (1)]. Therefore, the problem associated with the photon propagation is no longer degenerated in the energy since the physical degrees of freedom are described by birefringent states [for details we refer the reader to Ref. [26] ]. Consequently, the helicity is no longer necessary for labeling the one-particle state. The situation is quite different in the field of a circularly polarized monochromatic plane wave. Here the quantum vacuum behaves like an anisotropic chiral medium and is invariant with respect to the following operation: translation by an arbitrary vector β µ followed by a spatial rotation about the direction of the wave propagationκ κ κ of the field by an angle κβ [45, 64] . Clearly, in the limit ξ ǫ ≫ 1 the independence of the high-intensity laser frequency renders the problem quasi-static with respect to the external field. This means that, in the interaction, the probe beam does not perceive the rotation of the strong field of the wave and the external field seems to be-in average-isotropically distributed in the vacuum. This "new" isotropy of the spacetime causes the photon propagation problem to be quasi-degenerated in the energy. Hence, the physical modes that emerge from the interaction can be described approximately by monochromatic waves with opposite helicity.
It is convenient to remark that the suppression of ∆κ cannot be compensated by the dependence on ξ ǫ present in the Macdonald functions of Eqs. (37) and (38) . This becomes manifest as soon as the main asymptotic behaviors of ∆κ are taken into account. In order to show the latter we consider first the situation in which ζ ǫ ≫ 1. Consistency with our original condition (ξ ǫ ≫ 1) requires to restrict the parameter λ ǫ to values with λ ǫ ≫ 1/ξ ǫ . Applying the small-argument behavior of the functions
,
where Γ(x) denotes the Gamma function. So, in the limit under consideration the difference between the absorption coefficients decreases as ∆κ ∼ ξ
ǫ . Meanwhile, the leading order term in ℜ scales as ∼ ξ 2 /3 ǫ , which turns out to be ξ 4 /3 ǫ greater than ∆κ. Let us now turn our attention to the case where ζ ǫ ≪ 1. The latter is in correspondence with the conditions ξ ǫ ≫ 1 and λ ǫ ≪ ξ −1 ǫ , in which case one is able to exploit the large argument behavior of the Macdonald function, i.e., K ν (z) ∼ π 2z e −z [68] . With this expansion in mind, the variable u can be integrated out. As a consequence
and
In this context, we also find that the leading expressions of ℜ exceed by a factor ≃ ξ ǫ the corresponding expression of ∆κ. Clearly, owing to the extinction of the vacuum dichroism the ellipticity [Eq. (19) ] is difficult to detect. In correspondence, another kind of observable is needed to probe the effects induced by the vacuum polarization.
Elastic dispersive properties of the nonlinear vacuum
The QED vacuum-polarized by an external field-behaves like a material medium, in which light propagation is modified. Besides the dichroic effects, the vacuum birefringence is predicted to take place: during the interaction with the strong field of the wave, the helicity components of the probe beam accumulate a relative difference of the phase. This fact is closely connected with the vacuum refraction indices [Eq. (16) ]. In correspondence, the incoming linearly polarized probe beam undergoes a tiny rotation [see Fig. (1) ] with respect to the initial polarization plane. This constitutes another observable which is looked for in the polarimetric experiments. In the context under consideration, the rotation angle of the polarization axis reads
Whenever the dispersive effects are very small, i.e., n ± ≈ 1, the denominator of Eq. (41) can be taken as unity. The resulting expression resembles the rotation angle that a probe beam undergoes after traversing a chiral medium. In the following, we study the regions where Eq. (41) could be of interest in the search of MCPs but also in a pure QED context.
Photon propagation at ξ ǫ 1 and λ ǫ ≪ 1
The kinematic domain where no absorption of probe photons occurs defines the transparency region. Here the dispersion relations are real functions which remain below the first pair creation threshold, 1 < n * . However, in the following we will restrict ourselves to 1 ≪ n * where the determination of the vacuum refraction indices [Eq. (16) ] is substantially simplified. To show this, let us undertake the calculation of an alternative representation 5 
The expression above involves A 0 [Eq. (10) ] and η which is defined below Eq. (32). Whenever ξ ǫ 1 the oscillating term in η becomes smaller than the remaining contribution so that one can approach η ≈ ρ/λ ǫ . In this limit, the main contribution to the integral over ρ comes from the region where ρ ∼ λ ǫ ≪ 1. Hence, we can Taylor expand the integrand and obtain
Because of the absence of poles, one can use Cauchy's theorem to rotate the integration contour by ρ → −iρ. In correspondence, the variable ρ can be integrated out and one ends up with
with ζ ǫ = λ ǫ ξ ǫ as before. Besides, following a similar procedure, we are able to find that π 
The case where the polarization tensor is determined from spin-1 2 propagators has been quoted from Ref. [44] . According to these expressions, the vacuum in the field of the wave behaves-with an accuracy up to terms ∼ λ ǫ -as a nonbirefringent medium. Finally, we point out that in the limits under consideration both refraction indices can be obtained from the respective Euler-Heisenberg Lagrangian. Considerations of this nature have been carried out in Ref. [65, 66] (see also [67] ). 
Chiral birefringence at
Im π
where the oscillatory term present in the exponent of Eq. (8) has been neglected. Consequently, we will be working within the same accuracy limits described in Sec. 3.1. The integral over ρ can, then, be done with the help of the following identities: 
5 A detailed explanation about the operation needed to obtain Eq. (42) can be found in Eq. (27) 
The corresponding quantities coming from scalar QED can be read off from Eqs. (49) and (50). To do this, one has to replace (1 + v 2 )/(1 − v 2 ) → 1 and multiply the right-hand side of these expressions by a factor 1/2, afterwards. Additionally, the derivation of Re π Observe that an exact evaluation of the integral over v is quite difficult to perform. However, when our calculations are particularized with the QED parameters, i.e., ǫ = 1 and m ǫ → m, it can be integrated numerically without too much efforts. The resulting corrections to the vacuum refraction indices are displayed in Fig. (3) . These results were obtained by setting the external field parameters to the envisaged XFEL facility. Now, the dependence on n * allows us to obtain-as in Sec. 3.1-analytical expressions of the vacuum refraction indices. To this end, we insert Eqs. (49) and (50) into Eq. (16) . The presence of the function |1 − v 2 − n * | is then used to write the resulting expression as follows:
The respective integrands turn out to be free of functions involving the absolute value and contain logarithmic divergences at v = √ 1 − n * . In contrast to the first one, the last integrand in Eq. (51) has an additional divergence at v = 1. Clearly, whenever n * ≤ 1, both refraction indices are real, a fact which agrees with the considerations used in the derivation of Eq. (16) . Note that, in the region under consideration, the photo-production of a q + ǫ q − ǫ −pair could take place [see Sec. 3.1]. Therefore, the refraction indices in Eq. (51) describe the dispersive properties of those photons that-having the proper energies-do not take part in the two-photon reaction. It is precisely in a vicinity of the corresponding threshold [n * ≃ 1] where the chiral birefringence effect turns out to be maximized. This is manifest within the QED context [see Fig. (3) ]. Hence, finding expressions which describe the situation in this particular limit is also of interest. To this end, we set n * = 1 and compute the relevant integral by using MATHEMATICA code. As a consequence,
where the outcome resulting from scalar QED has been included. The explicit expression of the rotation angle follows by inserting Eq. (52) into Eq. (19) . Consequently,
We remark that, in both cases, the rotation angle enhances when the frequency of the probe beam is small and the product ξ particles are represented by solid curves, those corresponding to the scalar situation are given by dashed lines. These results were obtained by considering the envisaged XFEL parameters: ξ = 7.5 × 10 −4 , τ ∼ 100 fs, κ 0 = 9 keV. The particle charge and mass equal e and m, respectively.
Large asymptotic behavior of the vacuum refraction indices at
Our aim in this subsection is to determine the asymptotic behavior of those quantities associated with the vacuum birefringence as ξ ǫ ≫ 1. The problem under consideration is quite analogous to the one analyzed in Sec. 3.2, so that the line of reasoning will be similar. However, some differences will emerge in the course of the calculations. These differences come out from the nature of Re π 1 and Im π 3 involved in Eq. (16) . Let us undertake, in first instance, the computation of the difference between the vacuum refraction indices. Within the framework of spinor QED, and with the help of Eqs. (16) and (8)- (10), the latter turns out to be
We follow the premise of dividing the ρ−interval into two domains: from 0 to ρ 0 and from ρ 0 to ∞ with ξ 
The derivation of this equation requires to perform the change of variable ρξ ǫ → s and to extend the resulting integration limit to infinity [ρ 0 ξ ǫ → ∞]. We remark that Eq. (55) turns out to be a good approximation only if the exponential ∼ exp − 2u 3ζ ǫ (ρ 0 ξ ǫ ) 3 falls off sufficiently fast as ρ 0 ξ ǫ ≫ 1. Of course, the latter condition is satisfied whenever the exponent is very large, in which case the complementary restriction [Eq.
is found. Formally, it should appear an additional dependence on the variable u. Nonetheless, we have set u ∼ 1 because the vicinity of this value provides the main contribution of the u−integral. Now, we perform the change of variable (2u/ζ ǫ ) 1 /3 s → y and express the integral over s in terms of the second derivative of Scorer's function [69] 6 :
We insert this expression into Eq. (55) and use the differential equation Gi ′′ (z) − zGi(z) = −π −1 afterwards. With these steps in mind, the differences between the vacuum refraction indices turn out to be
Note that Eqs. (57) and (58) depend-as for ∆κ in Sec. 3.2-on the frequency of the high-intensity laser, a fact which does not find a counterpart in the constant crossed field approach. It is interesting to proceed by restricting the parameter ζ ǫ to some asymptotic limits of interest. We start with the situation in which ζ ǫ ≫ 1 [corresponding to λ ǫ ≫ 1/ξ ǫ with ξ ǫ ≫ 1]. Considering the appropriate expansion of Scorer's function at z ≪ 1, i.e., Gi(z)
We point out that the quantity ∆κ can be found in Eq. (39) . Since it is suppressed by a factor ∼ 1/ξ ǫ one can ignore its contribution and just deal with the leading order terms. The latter are independent of the parameter ξ ǫ and maximized when the collision between the probe and the external wave is head-on. We should also mention that, although the leading term is independent of the mass of the particle, it applies for those values with m ǫ ≪ [ǫ(kκ)m/2] 1 /3 . Moreover, the rotation angle, which comes out of combining the expression for ∆n (41), is independent of the frequency of the probe beam. Considering the configuration in which both lasers counterpropagate, we find
where τ is the interacting time and α = 1/137 the QED fine structure constant. Observe that a comparison with the rotation angle coming out from the scalar case leads to write ϑ 4 .
Accordingly, a suppression ∼ ξ −1 ǫ of ∆n occurs. Therefore, under the aforementioned circumstance, the nonlinear vacuum of QED seems to behave as a material in which dichroism [Eqs. (39) and (40)] and birefringence are practically absent. We will shortly retake this point again.
We want to conclude this section by determining the expression of the vacuum refraction indices. According to Eq. (16) and (54), it can be written as
We have already determined the leading behavior of ∆n as ξ ǫ ≫ 1. So, our goal now is to compute the isotropic contribution ∼ Re π 3 /ω 2 . To undertake the calculation, we first integrate by parts those terms of the integrand Ω 3 [Eq. 
What remains is to apply the preceding method to Eq. (63 
where the expression resulting from scalar QED has been included. We then consider the case ζ ǫ ≫ 1 and insert the small argument behavior of the Gi(z) into Eq. (64 .
The latter result means that the vacuum in the field of a circular polarized wave, in which ζ ǫ ≫ 1, behaves like a quasi-nonbirefringent crystal where the rotation [Eq. (60)] comes from a tiny birefringent effect. This situation is even more pronounced when the opposite condition ζ ǫ ≪ 1 is taken into account. Here the photon energy ω lies below the first pair creation threshold region where λ ǫ ≪ ξ (64) to find that the leading order correction of the vacuum refractive index resembles the one arising in the limit of ξ ǫ 1 [Eq. (45)]. Thus, this result ratifies our previous claim about the nonbirefringent character of the vacuum when ζ ǫ ≪ 1.
We therefore find that, in connection with the dying out of the dichroic phenomenon at ξ ǫ ≫ 1, an extinction of the vacuum birefringence takes place as well. In such a case, it would be convenient to have another observable at our disposal which helps us to investigate the effects induced by the MCPs [see Secs. 5.2 and 5.3 below]. However, before we will show that the region around the first pair creation threshold, where the dichroism and birefringence are manifest, provides interesting bounds.
Laser-assisted search of MCPs
Perspectives in the birefringent and dichroic sector
The prospect of finding exclusion limits on the MCPs using laser technology is certainly enticing. In polarimetry, the idea is to use Eq. (19) or Eq. (41) to restrict the parametric space defined by the (ǫ, m ǫ ) plane in the way that a high-precision optical measurement of ψ(τ) or ϑ(τ) is carried out without a significant detection of the effects induced by the MCPs. This requirement implies, for instance, that the sensitivity level in the experiment ψ 95%CL -which we suppose verified at 95% confidence level (CL)-is not high enough for observing the hypothetical ellipticity due to the photo-production of a q + ǫ q − ǫ pair. A similar idea applies when a measurement of the rotation of the polarization plane is carried out without success. As a consequence, the relations ψ 95%CL > ψ(τ) and ϑ 95%CL > ϑ(τ) [with Eqs. (19) and (41) included] must be understood as the starting point for finding out the constraints on the parameters associated with the minicharged carriers.
We start our analysis by considering the regions where the dichroism and birefringence of the vacuum are strongly manifest, i.e., where ξ ǫ < 1 and n * 1. The results coming out from this regime can be expected to be trustworthy when the bound is embedded between the dashed line, corresponding to ǫmξ/m ǫ = 1 and the dotted line corresponding to n * = 1. This region of applicability is displayed in Fig. 4 [lower white sector], which must be understood in a loglog scale. Note that the shape of this figure is generic, it does not depend on the special value of ξ chosen. Once the parameters of the strong wave are fixed, the region encompassed between the aforementioned curves cannot be studied with the approximations used in this work. Obviously, the bounds to be found in this kind of high precision optical experiment depend primarily on the intrinsic properties of both laser beams. Regarding this point we precise that, since our external field [Eq. (3) ] is a monochromatic plane-wave, an appropriated experimental setup should incorporate an intense source where its oscillating period is much smaller than its temporal extension [τ ≫ 2πκ (53)] is probed. Assuming a slightly sub-resonant mass m ǫ ≈ 1.7 eV [corresponding to n * ≈ 1], the constraint resulting for spinor MCPs is ǫ < 1.9 × 10 −6 . On the contrary, for Klein-Gordon particles we find that ǫ < 2.3 × 10 −6 applies. These results have been determined by supposing the counterpropagating geometry and by considering sensitivities of the order of ∼ 10 −10 rad, which appears achievable [74] . Note that for m ǫ ∼ 1 eV and the relevant range of ǫ, the chosen intensity parameter ξ corresponds to ξ ǫ = ξ m m ǫ ǫ ≪ 1. It is worth emphasizing at this point that our predictions cover regions of masses in which the constraints-deduced from several experimental collaborations-are less restrictive [11, 54] . Therefore, high-precision optical experiments in a laser wave of moderate intensities [ξ ǫ 1] can complement the MCP searches at dipole magnets.
Less stringent constraints are found in the strong field regime ξ ǫ ≫ 1 when the rotation of the polarization plane [Eq. (60) ] is taken into account. The bounds which arise by using this expression must be consistent with the conditions ξ ǫ ≫ 1, ξ 2 ǫ ≫ λ ǫ and λ ǫ ξ ǫ ≫ 1 under which it was derived. Correspondingly, they have to be located far to the left of the curve ζ ǫ = ǫm 3 λξ/m [75] , presently under operation in Jena, Germany. We remark that the intensity parameter related to this laser system is expected to reach an order of magnitude ξ ∼ 10 2 which justifies its use in the strong field approach. This would most probably be acheived by compressing 120 J at pulse lengths τ p = 120 fs, i.e. a power near 1 PW. Moreover, this laser operates with a central wavelength λ 0 = 1035 nm corresponding to a frequency κ 0 = 1.2 eV, whose combination with its temporal length guarantees the monochromaticity condition κ 0 τ p ≫ 1. When the probe beam is chosen as an optical laser too-similar to the Multi-Terawatt class laser JETI-[ω = 1.55 eV, τ J = 30 fs] a sensitivity level ϑ ∼ 10 −10 rad seems to be reasonable [74] . By choosing τ = τ J , we found, for Dirac Fermions ǫ < 6.0 × 10 −5 . In contrast, for Klein-Gordon particles ǫ < 8.5 × 10 −5 . We remark that both results apply for masses below the eV regime.
Inelastic scattered waves: the quasi-monochromatic approach
The suppression of the vacuum dichroism in the strong field regime ξ ǫ ≫ 1, together with the weakness of its birefringence property, motivate us to look for an observable different from the ellipticity and the rotation of the polarization plane. Among the plausible options, we choose for counting the number of Raman-like photons which are generated from the inelastic interaction, i.e., the last two terms in Eq. (5) . In this context, the rate of detected photons whose momentum differs from the incoming probe beam is given bẏ
where an optimal efficiency of detection has been assumed. HereṄ 0 denotes the number of incoming photons per unit of time and P γ→γ ′ is the respective generation probability. The latter can be computed from Eq. (5) 
where ω k k k±2κ κ κ ≡ |k k k ± 2κ κ κ| denotes the frequencies of the Raman-like waves. Eq. (67) does not contain interference terms since the product of delta functions with different momentum contents vanishes identically. The energetic balances latter device allows us to filter out the part of the probe beam which is elastically scattered and, in correspondence, only those photons with frequency ω + 2κ 0 or ω − 2κ 0 are analyzed in a detector. Let us consider the search of Raman's photons with ω + 2κ 0 . We suppose the situation in which the collision occurs with an angle θ ≃ 10
• . Our calculations will be initially particularized with the envisaged parameters of the POLARIS system [75] [ξ ∼ 10 2 , κ 0 = 1.2 eV and τ p = 120 fs]. For the probe beam, we employ the multi-TW class laser JETI 7 , which-after a second upgrade-could deliver up to 3 J per shot in a pulse length τ J ≃ 30 fs at frequency ω = 1.55 eV. Accordingly, the number of probe photons emitted per shot might reach N 0 ≃ 1.21 × 10 19 . In our case, the excluded regions on the (m ǫ , ǫ)-plane are then settled by requiring a single-Raman's photon detection forṄ . This fact allows us to claimṄ /Ṅ 0 > P γ→γ ′ . In such a case,Ṅ /Ṅ 0 ≈ 8.3 × 10 −20 could be established and the upper bound ǫ < 6.5 × 10 −5 is found for m ǫ ≪ 3.4 eV. This constraint is comparable with those obtained from a polarimetric search when both lasers counterpropagate [see Sec. 5.1]. Let us consider the case in which the total measurement time is one year. Since POLARIS has a repetition rate f rep ≃ 0.1 Hz-leading in practice to o(100) shots per day-one can establish the upper bound ǫ < 9.1 × 10 −6 for masses much below the eV-regime. The situation could be more stringent when the envisaged experimental designations associated with the ELI and XCELS projects are considered. In these ultra-high intensity laser systems, a power P ≈ 1 EW, with ξ ≈ 6.7 × 10 3 and central frequency κ 0 ≃ 1.55 eV is planned. The combination of the latter with the temporal extension τ ≃ 15 fs gives us κ 0 τ ≈ 35. Obviously, the monochromaticity condition is not as well satisfied as in the POLARIS case. Nonetheless, some interesting estimations can be done. For instance, by keeping the collision angle θ ≃ 10
• and under the assumption of a single-Raman's photon detection, it is found that an upper bound-like the best laboratory based one ǫ < 5×10 −7 [35] -would require an optical probe source delivering N 0 ∼ 4×10 29 photons per shot. Although the latter requirement is far from the capability of the existing facilities, the fast development of laser technology offers prospects that it can be reached-even overpassed-in a near future.
Summary, discussion and outlook
Vacuum polarization effects induced by the interaction of MCPs and a high-intensity laser wave provide alternative scenarios for probing some low-energy effective SM extensions in which such hypothetical particles are included. In this work we have focused ourselves to the particular situation where the strong laser field is circularly polarized. We have found that in some asymptotic limits, the birefringence and dichroism of the vacuum are less pronounced than in the case in which the polarization is driven by a constant field. In particular, this holds in a region far from the threshold of pair production. Certainly, this situation is not favorable in the search of MCPs when the polarimetric techniques, with an ultra-high-intensity laser, are thought as the main experimental tools to be implemented. Nonetheless, evidences resulting from an effective Lagrangian treatment reveal a strong birefringent and dichroic character of the vacuum as the strong field of the wave is, for instance, linearly polarized. Therefore, much more severe constraints could arise. The problem, however, becomes more cumbersome because the form factors of Π µν are strongly dependent on Bessel functions [44, 51, 61] . Yet, the possibility of exploiting the quasi-static limit in the strong field regime has put forward interesting estimations [6] .
In a vicinity of the region in which the photo-production of a pair occurs, the birefringent and dichroic properties of the vacuum are quite pronounced. Both phenomena are closely connected with the chiral activity of the "medium" and could be observed even at intensities available today. Observation of these elusive effects would provide evidences on the nonlinear feature of the QED vacuum. In addition, they would complement our understanding of the multi-photon pair production, already detected using nonlinear Compton scattering in the SLAC E144 experiment [78] . Moreover, at such external field strengths, the search of MCPs by using high-precision polarimetric experiments is suitable and could provide new constraints on ǫ in regions of masses where the searches based on dipole magnets are less stringent. We have shown that the latter statement applies for Dirac but also for Klein-Gordon representations of such hypothetical charge carriers. Finally, in the last part of this work, the generation of small-amplitude electromagnetic waves resulting from the inelastic part of the photon-photon scattering was investigated. We have noted that Raman's spectroscopy in a vacuum polarized by a high-intensity circular polarized laser wave could provide a sensitive probe of MCPs as well. Parameters of modern laser systems were used for establishing upper bounds on the parameters of MCPs.
